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a

b

c

edge(a,b). edge(b,c). edge(c,a).

path(X,Y) :- edge(X,Y).
path(X,Y) :- edge(X,Z),path(Z,Y).
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a

b

c

edge(a,b). edge(b,c). edge(c,a).

path(X,Y) :- edge(X,Y).
path(X,Y) :- edge(X,Z),path(Z,Y).

?- path(a,b).
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a

b

c

edge(a,b). edge(b,c). edge(c,a).

path(X,Y) :- edge(X,Y).
path(X,Y) :- edge(X,Z),path(Z,Y).

?- path(a,b).
true.
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a

b

c

edge(a,b). edge(b,c). edge(c,a).

path(X,Y) :- edge(X,Y).
path(X,Y) :- edge(X,Z),path(Z,Y).

?- path(a,b).
true;
true;
...
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a

b

c

edge(a,b). edge(b,c). edge(c,a).

path(X,Y) :- edge(X,Y).
path(X,Y) :- edge(X,Z),path(Z,Y).

?- path(a,d).
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a

b

c

edge(a,b). edge(b,c). edge(c,a).

path(X,Y) :- edge(X,Y).
path(X,Y) :- edge(X,Z),path(Z,Y).

?- path(a,d).
<infinite loop>



Tabled Prolog
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:- table path/2.
edge(a,b). edge(b,c). edge(c,a).

path(X,Y) :- edge(X,Y).
path(X,Y) :- edge(X,Z),path(Z,Y).

a

b

c

?- path(a,b).
true.

?- path(a,d).
false.



Tabled Prolog
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Aggregation
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Regular Prolog
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p(X,Y,1) :- e(X,Y).
p(X,Y,D) :- e(X,Z), p(Z,Y,D1),
            D is D1 + 1.
shortest(X,Y,MinD) :-
  findall(D,p(X,Y,D),List),
  min_list(List,MinD).

a

b

c

?- shortest(a,c,D).
D = 1.
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p(X,Y,1) :- e(X,Y).
p(X,Y,D) :- e(X,Z), p(Z,Y,D1),
            D is D1 + 1.
shortest(X,Y,MinD) :-
  findall(D,p(X,Y,D),List),
  min_list(List,MinD).

a

b

c

?- shortest(a,c,D).
<infinite loop>
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a

b

c

?- p(a,c,D).
<infinite loop>

:- table p/3.

p(X,Y,1) :- e(X,Y).
p(X,Y,D) :- e(X,Z), p(Z,Y,D1),
            D is D1 + 1.
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a

b

c

?- p(a,c,D).
D = 2.

:- table p(+,+,min).

p(X,Y,1) :- e(X,Y).
p(X,Y,D) :- e(X,Z), p(Z,Y,D1),
            D is D1 + 1.
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:- table p(+,+,min).

p(X,Y,1) :- e(X,Y).
p(X,Y,D) :- e(X,Z), p(Z,Y,D1),
            D is D1 + 1.

a

b

c

?- p(a,c,D).
D = 2.

tabling modes
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p(0).
p(1).
p(2) :- p(X), X = 1.
p(3) :- p(X), X = 0.

?- p(X).
X = 0;
X = 1;
X = 2;
X = 3.
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:- table p(max).
p(0).
p(1).
p(2) :- p(X), X = 1.
p(3) :- p(X), X = 0.

?- p(X).
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:- table p(max).
p(0).
p(1).
p(2) :- p(X), X = 1.
p(3) :- p(X), X = 0.

?- p(X).
X = 0;
X = 1;
X = 2.



?- p(X).
X = 0;
X = 1;
X = 2.

Example 2
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1 overwrites 0
the last rule does 
not apply! 

:- table p(max).
p(0).
p(1).
p(2) :- p(X), X = 1.
p(3) :- p(X), X = 0.



?- p(X).
X = 0;
X = 1;
X = 2.

Example 2
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Operational 
semantics

:- table p(max).
p(0).
p(1).
p(2) :- p(X), X = 1.
p(3) :- p(X), X = 0.
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Assumption:
Tabling systems implement 
least-fixed point semantics.
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TP : P(H) → P(H)
TP(I) = {A    |   A :- B1,…,Bn ∈ ground(P)
                        ∧   {B1,…,Bn} ⊆ I}
known 
atoms

derived 
atoms

all atoms

Immediate Consequence 
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TP : P(H) → P(H)
TP(I) = {A    |   A :- B1,…,Bn ∈ ground(P)
                        ∧   {B1,…,Bn} ⊆ I}
known 
atoms

derived 
atoms

all atoms

Immediate Consequence 

Semantics

lfp(TP)
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e(a,b). e(b,c). e(a,c).

p(X,Y) :- e(X,Y).
p(X,Y) :- e(X,Z),p(Z,Y).

I0 = ∅

a

b

c



Example
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e(a,b). e(b,c). e(a,c).

p(X,Y) :- e(X,Y).
p(X,Y) :- e(X,Z),p(Z,Y).

I0 = ∅
I1 = TP(I0) = { e(a,b), e(b,c), e(a,c) }

a

b

c



Example
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e(a,b). e(b,c). e(a,c).

p(X,Y) :- e(X,Y).
p(X,Y) :- e(X,Z),p(Z,Y).

I0 = ∅
I1 = TP(I0) = { e(a,b), e(b,c), e(a,c) }
I2 = TP(I1) = { e(a,b), e(b,c), e(a,c),
                     p(a,b), p(b,c), p(a,c) }

a

b

c



Example
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e(a,b). e(b,c). e(a,c).

p(X,Y) :- e(X,Y).
p(X,Y) :- e(X,Z),p(Z,Y).

I0 = ∅
I1 = TP(I0) = { e(a,b), e(b,c), e(a,c) }
I2 = TP(I1) = { e(a,b), e(b,c), e(a,c),         
                     p(a,b), p(b,c), p(a,c) }
I3 = TP(I2) = { e(a,b), e(b,c), e(a,c),         
                     p(a,b), p(b,c), p(a,c) }

a

b

c



Example
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e(a,b). e(b,c). e(a,c).

p(X,Y) :- e(X,Y).
p(X,Y) :- e(X,Z),p(Z,Y).

I0 = ∅
I1 = TP(I0) = { e(a,b), e(b,c), e(a,c)}
I2 = TP(I1) = { e(a,b), e(b,c), e(a,c),         
                     p(a,b), p(b,c), p(a,c)}
I3 = TP(I2) = { e(a,b), e(b,c), e(a,c),         
                     p(a,b), p(b,c), p(a,c)}

TP(I2) = I2
least 

fixpoint

a

b

c
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Immediate Consequence
TP : P(H) → P(H) 

Tabling Semantics
lfp(TP)
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Immediate Consequence
TP : P(H) → P(H) 

Post-processing Aggregation
α : P(H) → L in some lattice〈L,≤L〉 

Answer Subsumption Semantics
α(lfp(TP))



Operational independence - Good
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α = min
α = max
α = all
α = lattice

tabling mode

provided by



Operational independence - Bad
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α = first
α = last
α = sum provided by

depends on ordering
⇒ Not lattices



Example
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Maximum lattice on the argument

ㄑ{0,1,2,3},≥〉

α(S) = max≤ { x | p(x) ∊ S}

general derivation in 
the paper



Example
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p(0).
p(1).
p(2) :- p(X), X = 1.
p(3) :- p(X), X = 0.

α(lfp(TP))



Example
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p(0).
p(1).
p(2) :- p(X), X = 1.
p(3) :- p(X), X = 0.

α({p(0), p(1)})



Example

39

p(0).
p(1).
p(2) :- p(X), X = 1.
p(3) :- p(X), X = 0.

α({p(0), p(1),p(2),p(3)})



Example
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p(0).
p(1).
p(2) :- p(X), X = 1.
p(3) :- p(X), X = 0.

max≤({0,1, 2, 3})



Example
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p(0).
p(1).
p(2) :- p(X), X = 1.
p(3) :- p(X), X = 0.

{3}



Greedy Answer Subsumption
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Answer Subsumption
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〈L,αL,T
P
L〉

lfp(T
P
L)

Generalised Semantics



Answer Subsumption
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〈L,αL,T
P
L〉

Generalised Semantics

complete 
lattice



Answer Subsumption
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〈L,αL,T
P
L〉

Generalised Semantics

complete 
lattice

αL : P(H) → L
mapping 
function
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〈L,αL,T
P
L〉

Generalised Semantics

complete 
lattice

αL : P(H) → L
mapping 
function

TP
L : L → L

generalised immediate 
consequence 
(monotone)
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〈L,αL,T
P
L〉

lfp(T
P
L)

Generalised Semantics

complete 
lattice

αL : P(H) → L
mapping 
function

TP
L : L → L

generalised immediate 
consequence 
(monotone)
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Correctness 

lfp(TP
L) = αL(lfp(TP))



Answer Subsumption
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Correctness 

lfp(TP
L) = αL(lfp(TP))

General Correctness Condition 

αL ◦ TP = TP
L ◦ αL



Answer Subsumption
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Correctness 

lfp(TP
L) = αL(lfp(TP))

General Correctness Condition 

αL ◦ TP = TP
L ◦ αL

aggregation immediate 
consequence

lattice immediate 
consequence
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〈L,αL,T
P
L〉

Specific Generalised Semantics

L(≼)
see paper

α : P(H) → L(≼)
see paper

α ◦TP ◦ ρ
greedy

ρ : L(≼) → P(H)
extract
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α ◦ TP = α ◦ TP ◦ ρ ◦ α

〈L(≼),α,α ◦ T
P
 ◦ ρ〉

Specific Correctness Condition 



Example
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p(0).
p(1).
p(2) :- p(X), X = 1.
p(3) :- p(X), X = 0.

〈L(≼),α,α ◦ T
P
 ◦ ρ〉

where ≼ = ≥

(α ◦ TP)({p(0),p(1)})
= [η]({p(0),p(1),p(2),p(3)})
≠ [η]({p(2),p(1),p(0)})
= [η](TP({p(1)}))
= (α ◦ T

P
 ◦ ρ ◦ α)({p(0),p(1)})



Open Problems

★ Current Correctness is much too coarse
leading to false negatives

★ Verification is hard. Automation is 
preferable.

54
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Summary
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★ Answer subsumption is a greedy strategy

★ … and Greed is good

★ It's just not always right

★ make sure that α ◦ TP = TP
L ◦ α



Please read our 
paper for more…

examples,

technical details,

related work …
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The End
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Existence of the least-fixed point
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Theorem [Knaster-Tarski]
Let 〈L,≤L〉 be a complete lattice, and let f : L → L be 
a monotone function, then f has a least fixed point, 
denoted lfp(f).



Existence of the least-fixed point
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Theorem [Knaster-Tarski]
Let 〈L,≤L〉 be a complete lattice, and let f : L → L 
be a monotone function, then f has a least fixed 
point, denoted lfp(f).

〈P(H),⊆〉
   

TP

for definite programs

Herbrand base = all atoms



Computability of the least fixed point
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p(a). p(b). p(c).
q(X) :- p(X).

I0 = ∅
I1 = TP(I0) = {p(a),p(b),p(c)}
I2 = TP(I1) = {p(a),p(b),p(c),q(a),q(b),q(c)}

Example

Fixpoint Theorem [Kleene]

lfp(TP) = U{TP
0(∅),TP

1(∅),TP
2(∅), … }



Operational independence - Good
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α = min
α = max
α = all
α = lattice

〈UP,≤〉
〈UP,≥〉
〈Pfin(UP),⊆〉
〈L,⊑〉

tabling mode semi- lattice



Table Lattice
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L(≼) ≜ IP ⨉ UP
n
 → UP

⊥

p(a,b,d)

predicate
name

input
arguments

aggregated
result



Table Lattice
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L(≼) ≜ IP ⨉ UP
n
 → UP

⊥

p(a,b,d)

predicate
name

input
arguments

aggregated
result
〈UP

⊥,≼〉

induces lattice

empty answer



Table Lattice
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Embedding function

η : H → L(≼)
η(p(X,x))(q,Y) = 

x  if p = q and X = Y

⊥ otherwise

Unembedding function
ρ : L(≼) → P(H)
ρ(t)={ p(X,x) | t(p,X) = x ≠⊥ }



regular immediate 
consequence

any derived 
embedding

un-embed
l.u.b.

Table Lattice

66

Extended Immediate Consequence

T̂P : P(H) → P(H)
T̂P(I) = ⋃{ρ(⋁Y) | Y ∈ Pfin(η(TP(I))) }



regular immediate 
consequence

any derived 
embedding

un-embed
l.u.b.

Table Lattice

67

Extended Immediate Consequence

T̂P : P(H) → P(H)
T̂P(I) = ⋃{ρ(⋁Y) | Y ∈ Pfin(η(TP(I))) }

TP = T̂P 
for linear 
orders



regular immediate 
consequence

any derived 
embedding

un-embed
l.u.b.

Table Lattice
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Extended Immediate Consequence

T̂P : P(H) → P(H)
T̂P(I) = ⋃{ρ(⋁Y) | Y ∈ Pfin(η(TP(I))) }

Semantics

ρ(  ⋁  η(x))
x ∈ lfp(TP)



regular immediate 
consequence

any derived 
embedding

un-embed
l.u.b.

Table Lattice
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Extended Immediate Consequence

T̂P : P(H) → P(H)
T̂P(I) = ⋃{ρ(⋁Y) | Y ∈ Pfin(η(TP(I))) }

Semantics

[f](X) ≜(⋁  f(x))
x ∈ X



regular immediate 
consequence

any derived 
embedding

un-embed
l.u.b.

Table Lattice
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Extended Immediate Consequence

T̂P : P(H) → P(H)
T̂P(I) = ⋃{ρ(⋁Y) | Y ∈ Pfin(η(TP(I))) }

Semantics

ρ([η](lfp(T̂P)))


