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non-determinism
=

multiple outcomes
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swap (x,y) = (y,x)
pair = (1,2) ? swap pair
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non-deterministic 
choice + recursion

=
{(1,2),(2,1)}



swap (x,y) = (y,x)
pair = (1,2) ? swap pair

13

non-deterministic 
choice + recursion

=
{(1,2),(2,1)}the least fixed 

point



swap :: (Ord a, Ord b) 
     => Set (a,b) -> Set (b,a)
swap = Set.map (\(x,y) -> (y,x))

pair :: Set (Int, Int)
pair = singleton (1,2) `union` swap pair
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swap :: (Ord a, Ord b) 
     => Set (a,b) -> Set (b,a)
swap = Set.map (\(x,y) -> (y,x))

pair :: Set (Int, Int)
pair = singleton (1,2) `union` swap pair

ghci> pair
fromList [

program hangs
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Fixing the Model: Syntax
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data ND a 
  = Success a
  | Fail
  | Or (ND a) (ND a)
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A succesful computation
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A succesful computation

A failed computation



data ND a 
  = Success a
  | Fail
  | Or (ND a) (ND a)
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A succesful computation

A failed computation

A non-deterministic choice



data ND a 
  = Success a
  | Fail
  | Or (ND a) (ND a)

A free monad
instance Monad ND where
  return = Success
  Success a >>= f = f a
  Fail      >>= f = Fail
  Or l r    >>= f = Or (l >>= f) (r >>= f)
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pairND :: ND (Int,Int)
pairND = return (1,2)`Or`do (x,y) <- pairND
                            return (y,x)

Or

Success (1,2) Or

Success (2,1) ... 22
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pairND :: ND (Int,Int)
pairND = return (1,2)`Or`do (x,y) <- pairND
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Or
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infinite tree



pairND :: ND (Int,Int)
pairND = return (1,2)`Or`do (x,y) <- pairND
                            return (y,x)

Or

Success (1,2) Or

Success (2,1) ... 27

infinite tree

represent 
recursion explicitly



data NDRec i o a
  = Success a
  | Fail
  | Or (NDRec i o a) (NDRec i o a)
  | Rec i (o -> NDRec i o a)

as before
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Explicit Recursion

argument continuation



data NDRec i o a
  = Success a
  | Fail
  | Or (NDRec i o a) (NDRec i o a)
  | Rec i (o -> NDRec i o a)

rec :: i -> NDRec i o o
rec i = Rec i Success
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Explicit Recursion



data NDRec i o a
  = Success a
  | Fail
  | Or (NDRec i o a) (NDRec i o a)
  | Rec i (o -> NDRec i o a)

choice :: [NDRec i o a] -> NDRec i o a
choice = foldr Or Fail
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Explicit Recursion



data NDRec i o a
  = Success a
  | Fail
  | Or (NDRec i o a) (NDRec i o a)
  | Rec i (o -> NDRec i o a)

choose :: [a] -> NDRec i o a
choose = choice . map return
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Explicit Recursion



data NDRec i o a
  = Success a
  | Fail
  | Or (NDRec i o a) (NDRec i o a)
  | Rec i (o -> NDRec i o a)

guard :: Bool -> NDRec i o ()
guard b = if b then return () else Fail
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Explicit Recursion



data NDRec i o a
  = Success a
  | Fail
  | Or (NDRec i o a) (NDRec i o a)
  | Rec i (o -> NDRec i o a)

instance Monad (NDRec i o) where
  return = Success
  Rec i k >>= f = Rec i (\x -> k x >>= f) 33

Explicit Recursion



pairND :: () -> ND (Int,Int)
pairND () = return (1,2)`Or`do (x,y) <- rec ()
                               return (y,x)

Or

Success (1,2) Rec ()
λ

(x,y) Success (y,x)finite tree
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Fixing the Model: Semantics
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[| . |] : (I -> NDRec I O O) -> (I -> P(O))
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[| . |] : (I -> NDRec I O O) -> (I -> P(O))

37

function constructing syntax tree

function computing set of outcomes

[| . |]



R[| . |] : NDRec I O O -> (I -> P(O)) -> P(O)

syntax tree environment

set of outcomes
38

R[| . |]



R[| Succes x |](s) = {x}

R[| Fail |](s)          = ∅

R[| Or l r |](s)        = R[| l |](s) U R[| r |](s)

R[| Rec i k |](s)     = ∪ R[| k(x) |](s)
39x ∈ s(i)

R[| . |]



[| . |] and R[| . |]

40

∀a: [| f |](a) = R[| f(a) |]([| f |])



[| . |] and R[| . |]

41

∀a: [| f |](a) = R[| f(a) |]([| f |])
⇔

[| f |] is a fixpoint of λs.λa.R[| f(a) |](s)



[| . |] and R[| . |]
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∀a: [| f |](a) = R[| f(a) |]([| f |])
⇔

[| f |] is a fixpoint of λs.λa.R[| f(a) |](s)

least



[| . |] and R[| . |]
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∀a: [| f |](a) = R[| f(a) |]([| f |])
⇔

[| f |] is a fixpoint of λs.λa.R[| f(a) |](s)

least: s1 ⊑ s2 ⇔ ∀x: s1(x) ⊆ s2(x)



Example
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pairND :: () -> ND (Int,Int)
pairND () = return (1,2)`Or`do (x,y) <- rec ()
                               return (y,x)

[| pairND |](()) 
=

lfp(λs.λ().R[| pairND () |](s))(())
=

(λ().{(1,2),(2,1)} ())
=

{(1,2),(2,1)}



Implementation
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runNDRec :: (Ord i, Ord o) 
         => (i -> NDRec i o o) -> (i -> Set o) 
runNDRec expr i0 = lfp step s0 ! i0 where
  s0 = M.singleton i0 empty
  step m = foldr (\k -> go k (expr k)) m (M.keys m)

[| . |]



R[| . |]

48

go :: (Ord i, Ord o) 
   => i
   -> NDRec i o o
   -> (M.Map i (Set o) -> M.Map i (Set o))

go i (Success a) = M.insertWith union i (singleton x)
go i Fail        = id
go i (Or l r)    = go i r . go i l
go i (Rec j k)   = \m -> case M.lookup j m of
  Nothing -> M.insert j empty m
  Just s  -> foldr (go i . k) m (toList s)



Implementation
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ghci> runNDRec pairND ()
fromList [(1,2),(2,1)]

Success!



Lattices
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Distance in a cyclic graph
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1 2

34

5

data Node = Node {
  label :: Int
  adj   :: [Node]
}

[n1,n2,n3,n4,n5] = [
  Node 1 [n2,n5], Node 2 [n3],
  Node 3 [n4], Node 4 [n1,n3],
  Node 5 [n5]]



Distance in a cyclic graph

52

1 2

34

5

dist :: Num a => Node -> Node -> NDRec Node a a
dist dst src | src == dst = return 0
             | otherwise  = choose (adj src) 
                            >>= rec
                            >>= return . (+ 1)



Distance in a cyclic graph

53

ghci> runNDRec (dist n1) n2
fromList [

The program hangs.



Distance in a cyclic graph

54

[| dist n1 |](n2) = {3, 5, 7, …}



Distance in a cyclic graph
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relevant not relevant



Distance in a cyclic graph

56

[| dist n1 |](n2) = {3, 5, 7, …}

relevant not relevant

{ 3 }

join (⊔)



Distance in a cyclic graph

57

[| dist n1 |](n2) = {3, 5, 7, …}

relevant not relevant

{ 3 }

join (⊔) bottom (⊥)+



(Complete) Lattice
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class Lattice l where
  join   :: l -> l -> l
  bottom :: l



Distance lattice

59

data Dist = InfDist | Dist Int deriving Eq

instance Lattice Dist where
  bottom = InfDist
  join InfDist x = x
  join x InfDist = x
  join (Dist x) (Dist y) = Dist (min x y)

instance Num Dist where
  ...



Semantics [| . |]L
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[| . |]L : (I -> NDRec I L L) -> (I -> L)

function that builds a syntax tree

function computing a lattice of outcomes



Semantics R[| . |]L

61

R[| . |]L : NDRec I L L -> (I -> L) -> L

syntax tree

environment

lattice of outcomes



R[| Succes x |](s) = {x}

R[| Fail |](s)          = ∅

R[| Or l r |](s)        = R[| l |](s) U R[| r |](s)

R[| Rec i k |](s)     = ∪ R[| k(x) |](s)
62x ∈ s(i)

Semantics R[| . |]L



R[| Succes x |]L(s) = x

R[| Fail |](s)          = ∅

R[| Or l r |](s)        = R[| l |](s) U R[| r |](s)

R[| Rec i k |](s)     = ∪ R[| k(x) |](s)
63x ∈ s(i)

Semantics R[| . |]L



R[| Succes x |]L(s) = x

R[| Fail |]L(s)          = ⊥

R[| Or l r |](s)        = R[| l |](s) U R[| r |](s)

R[| Rec i k |](s)     = ∪ R[| k(x) |](s)
64

Semantics R[| . |]L

x ∈ s(i)



R[| Succes x |]L(s) = x

R[| Fail |]L(s)          = ⊥

R[| Or l r |]L(s)        = R[| l |]L(s) ⊔ R[| r |]L(s)

R[| Rec i k |](s)     = ∪ R[| k(x) |](s)
65

Semantics R[| . |]L

x ∈ s(i)



R[| Succes x |]L(s) = x

R[| Fail |]L(s)          = ⊥

R[| Or l r |]L(s)        = R[| l |]L(s) ⊔ R[| r |]L(s)

R[| Rec i k |]L(s)     = R[| k(s(i)) |]L(s)
66

Semantics R[| . |]L



[| . |]L : (I -> NDRec I O O) -> (I -> L)
[| f |]L = lfp(λs.λa.R[| f(a) |]L(s))
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Semantics R[| . |]L



[| . |]L : (I -> NDRec I O O) -> (I -> L)
[| f |]L = lfp(λs.λa.R[| f(a) |]L(s))
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Semantics R[| . |]L



[| . |]L : (I -> NDRec I O O) -> (I -> L)
[| f |]L = λs.λa.R[| f(a) |]L(s) ↑ ∞

69

Semantics R[| . |]L

f ↑ 0 = ⊥
f ↑ i + 1 = f ↑ i ⊔ f(f ↑ i)
f ↑ ∞ = ⊔{f ↑ i | i ∈N}



[| dist n1 |]Dist(n2) 
=

Dist 3

70

Example



Lattices generalize sets

71

Sets are lattices too

instance Ord a => Lattice (Set a) where
  join   = S.union
  bottom = S.empty



Lattices generalize sets

72

Sets are lattices too

R[| Rec i k’ |]L(s) = R[| Rec i k |](s)
where

k’ = fmap unions . traverse k . toList



Dependency Tracking
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A smarter least fixed point
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fib :: Int -> NDRec Int Int Int
fib i | i <= 0    = return 0
      | i == 1    = return 1
      | otherwise = do n1 <- rec (i-1)
                       n2 <- rec (i-2)
                       return (n1 + n2)
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A smarter least fixed point
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3

21

0 {0}

{1}
{1}

{2}

fib :: Int -> NDRec Int Int Int
fib i | i <= 0    = return 0
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3:{},2:{},1:{1},0:{0}
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3:{2},2:{1},1:{1},0:{0}
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A smarter least fixed point
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3

21

0 {0}

{1}
{1}

{2}

fib :: Int -> NDRec Int Int Int
fib i | i <= 0    = return 0
      | i == 1    = return 1
      | otherwise = do n1 <- rec (i-1)
                       n2 <- rec (i-2)
                       return (n1 + n2)

3:{}
3:{},2:{}
3:{},2:{},1:{}
3:{},2:{},1:{1}
3:{},2:{},1:{1},0:{}
3:{},2:{},1:{1},0:{0}
3:{},2:{1},1:{1},0:{0}
3:{2},2:{1},1:{1},0:{0}
3:{2},2:{1},1:{1},0:{0}

O(n2) becomes O(n)



Wrapping Up
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Compute Least Fixed Point Explicitly
+

Generalize to Lattices
+

Generalize to Mutual recursion
+

Add Dependency Tracking
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Questions?
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